Introduction
Let M g denote the moduli space of Riemann surfaces of genus g, and WM g ! M g the bundle of Abelian di¤erentials. A point in WM g is specified by a pair ðX ; oÞ, where X is in M g and where o A WðX Þ a nonzero holomorphic 1-form on X .
There is a natural action of SL 2 ðRÞ on WM g , giving moduli space a dynamical flavor. The projection any orbit SL 2 ðRÞ Á ðX ; oÞ yields a holomorphic Teichmü ller disk f : H ! M g , whose image is typically dense. On rare occasions, however, the stabilizer SLðX ; oÞ of the given form is a lattice in SL 2 ðRÞ; then the image of the quotient map f : V ¼ H=SLðX ; oÞ ! M g is an algebraic curve, isometrically embedded for the Teichmü ller metric.
In this paper we address the classification of such Teichmü ller curves in the case g ¼ 2.
Billiards. Let P H C be a polygon with angles in pQ. Via an unfolding construction, ðP; dzÞ determines a holomorphic 1-form ðX ; oÞ such that billiard trajectories in P correspond to geodesics on ðX ; jojÞ.
We say P is a lattice polygon if SLðX ; oÞ is a lattice; equivalently, if ðX ; oÞ generates a Teichmü ller curve. In this case, Veech showed that SLðX ; oÞ allows one to renormalize the geodesic flow on ðX ; jojÞ, and thereby establish optimal dynamical properties for billiards in P: for example,
(1) every billiard trajectory is either periodic or uniformly distributed; and (2) the number of types of closed trajectories of length e L is asymptotic to C P Á L Veech also showed that every regular polygon is a lattice polygon [V1] . In particular the regular pentagon, octagon and decagon give rise to Teichmü ller curves in genus two.
Hilbert modular surfaces. The geometry of Teichmü ller curves as above is best understood in the case of genus two: any such curve lies on a unique Hilbert modular surface H D , D > 0 [Mc1] It can be shown that W D has either one or two irreducible components, each of which is a Teichmü ller curve of discriminant D generated by billiards in an L-shaped table. Conversely, every Teichmü ller curve generated by a form with a double zero belongs to some W D [Mc1] , [Mc4] .
The regular decagon. The curves W 5 and W 8 are irreducible; they are exactly the Teichmü ller curves generated by billiards in the regular pentagon and the regular octagon.
On the other hand, the vertices of the regular decagon fall into two equivalence classes when opposite edges are identified. It follows that the corresponding Teichmü ller curve is generated by a form with a pair of simple zeros, rather than a single double zero. We suspect this is the only such example. Conjecture 1.2. The regular decagon gives the only primitive Teichmü ller curve V ! M 2 generated by a form with simple zeros.
This conjecture implies:
(1) All Teichmü ller curves generated by forms of genus two are already known: they come from branched covers of tori [GJ] , billiards in L-shaped tables [Mc4] , and billiards in the regular decagon [V1] .
(2) For nonsquare discriminant D > 5, the only Teichmü ller curves with discriminant D are the components of the Weierstrass curve W D .
(We remark that the curves generated by the regular pentagon and octagon are also generated by suitable L-shaped tables.)
Algorithms. The proof of Theorem 1.1 is constructive, and it yields an e¤ective algorithm to list all the Teichmü ller curves of a given discriminant D. As evidence for Conjecture 1.2, in §9 we describe the proof of: Theorem 1.3. The conjecture above holds for all Teichmü ller curves with discriminant D e 400.
In particular, in §8 we show: Theorem 1.4. There are only two Teichmü ller curves of discriminant D ¼ 5: one generated by the regular pentagon, and one by the regular decagon.
Similarly, billiards in the regular octagon gives the unique Teichmü ller curve with D ¼ 8; the unique curve with D ¼ 12 is generated by the polygon shown in Figure 1 ; and every other primitive Teichmü ller curve with D e 400 comes from billiards in an L-shaped table, given explicitly in [Mc4] , Cor. 1.3.
Proof of finiteness. We turn to a sketch of the proof of Theorem 1.1. Our goal is to show there are only finitely many Teichmü ller curves of discriminant D, when ffiffiffiffi D p is irrational.
(1) First some definitions. A splitting prototype of discriminant D is a set of integers p ¼ ða; b; c; eÞ such that
; 0 e a < gcdðb; cÞ; c þ e < b;
0 < b; 0 < c; and gcdða; b; c; eÞ ¼ 1:
There are only finitely many prototypes for a given discriminant D.
and let I t ¼ ½0; tl, where t A ð0; 1. Let ðE i ; o i Þ ¼ ðC=L i ; dzÞ, i ¼ 1; 2 be the forms of genus one with period lattices L 1 ¼ Zðl; 0Þ l Zð0; lÞ and L 2 ¼ Zðb; 0Þ l Zða; cÞ.
The prototypical form of type p and width t is given by the connected sum
The connected sum is obtained by slitting each torus open along the projection of the arc I t , and then gluing corresponding edges ( §3). The form ðX t ; o t Þ has a double zero when t ¼ 1, and otherwise a pair of simple zeros.
(3) Let f : V ! M 2 be a Teichmü ller curve of discriminant D. In §3 we show that any such curve is generated by a prototypical form. Thus the search for Teichmü ller curves is reduced, for each prototype p, to the study of suitable values of the width parameter t.
(4) Any form of genus two can be presented as a connected sum in infinitely many ways. In §4 we show that any homology class Billiard table for the unique Teichmü ller curve of 
McMullen, Teichmü ller curves in genus two equivalent to P 1 ðQÞ, such that if t A UðCÞ and SLðX t ; o t Þ is a lattice, then we also have t A TðCÞ. (The set TðCÞ is determined by the condition that the slope of J agrees with the slope of a period of ðF 1 ; h 1 Þ.) (5) In §5 we show that for each prototype p, there are infinitely many homology classes C such that UðCÞ contains a neighborhood of t ¼ 0. When ffiffiffiffi D p is irrational, we can also insure that TðC 1 Þ X TðC 2 Þ is finite for two such classes. Thus we can find a t 0 ðDÞ > 0 such that: Mc3] we analyze the dynamics of SL 2 ðRÞ on forms of genus two, and show in particular that any orbit
is either closed or dense. We also show the closed orbits in W 1 E D are isolated: only finitely many meet any compact set.
(7) Now suppose there are infinitely many Teichmü ller curves V i of discriminant D. Then there are infinitely many closed orbits
Each is generated by a prototypical form of type p i and width t i . Passing to a subsequence, we can assume p i ¼ p is constant and t i A ð0; 1 is convergent. But the orbits Z i are isolated, so the only possible limit of t i is t ¼ 0. This contradicts ( * ), and therefore the number of Teichmü ller curves of discriminant D is finite.
Converse Veech dichotomy.
Are there billiards with optimal dynamics that cannot be analyzed via Teichmü ller curves? In §7 we use the same methods to show the answer is no in genus two. Namely, we have: Theorem 1.5. Let ðX ; oÞ be a holomorphic 1-form of genus two. Then the following conditions are equivalent:
(1) The group SLðX ; oÞ is a lattice in SL 2 ðRÞ.
(2) For every s A R W fyg, the foliation of ðX ; jojÞ by geodesics of slope s is either periodic or uniquely ergodic.
The implication (1) ) (2) is the well-known Veech dichotomy, valid in any genus [V1] ; the result above furnishes a converse in genus two.
Higher genus. In contrast to the case of genus two, at present only finitely many primitive Teichmü ller curves are known for each genus g f 3. Of these, the Veech examples coming from regular polygons also arise in Mestre's construction of families of curves with real multiplication [Me] , and Mö ller shows the Jacobian of X always has special endomorphisms when ðX ; oÞ generates a Teichmü ller curve [Mo] . Thus the theory of real multiplication may facilitate a classification in higher genus, as it does in genus two.
Notes and references. In [Mc3] we classify the orbit closures and ergodic invariant measures for the action of SL 2 ðRÞ on the space WM 2 . The classification is explicit, apart from the issue of describing all Teichmü ller curves in genus two. The present paper and [Mc4] undertake this description.
For additional background on Teichmü ller curves, see [Th] , [V1] , [V2] , [Vo] , [Wa] , [KS] , [Pu] , [GJ] , [EO] , [Lei] and [Lo] . Further results in genus two can be found in [EMS] , [HL] , [Ca] , [Mc1] and [Mc2] .
Added in proof. Conjecture 1.2 is established in [Mc5] .
Elementary moves
A form ðX ; oÞ of genus two splits, in infinitely many ways, as a connected sum of forms of genus one. In this section we define the intersection number of a pair of splittings, and show they are related by a Dehn twist when their intersection number is one.
Moduli spaces. We begin by recalling material from [Mc3] . Let WM g ! M g denote the bundle of holomorphic 1-forms ðX ; oÞ, o 3 0, over the moduli space of Riemann surfaces of genus g. Within the space WM 2 of all forms of genus two, we let WM 2 ð2Þ denote the closed stratum of forms with double zeros, and WM 2 ð1; 1Þ, the open stratum of forms with simple zeros.
Connected sums. Let I ¼ ½0; v ¼ ½0; 1 Á v be the segment from 0 to v 3 0 in C, and let ðE i ; o i Þ ¼ ðC=L i ; dzÞ A WM 1 be a pair of forms of genus one. When I maps to an embedded arc under each projection C ! E i , one can slit along these arcs and glue corresponding edges to obtain the connected sum
The connected sum is a form of genus two with a pair of simple zeros, coming from the endpoints of the slits. To construct forms with double zeros, we also allow the case where I projects to a loop in one torus E i and remains embedded in the other.
Splittings. Every form of genus two can be presented as a connected sum in infinitely many ways [Mc3] , Thm. 1.7, each of which we regard as a splitting of ðX ; oÞ. The splitting (2.1) is uniquely determined by I , up to the ordering of its summands. Saddle connections. Let ZðoÞ H X denote the zero set of o; it is invariant under the hyperelliptic involution h : X ! X . A saddle connection is a geodesic segment for the metric joj, with endpoints in ZðoÞ but with no zeros in its interior.
Given a splitting (2.1), the two sides of qðE i À I Þ determine a pair of saddle connections L; L 0 on X such that hðLÞ ¼ L 0 . Conversely, by [Mc3] , Thm. 7.3, we have:
and we let
denote the relative homology class they represent.
Intersection number. Given a pair of oriented saddle connections L; M on ðX ; oÞ, the intersection number L Á M is defined to be the algebraic number of transverse crossings between L and M outside the zeros of o. Note that all crossings count with the same sign, and that
We define the intersection number of a pair of distinct splittings
where ðL; L 0 Þ and ðM; M 0 Þ are the pairs of parallel saddle connections on ðX ; oÞ corresponding to I and J respectively.
In the case I Á J ¼ 1, depicted in Figure 2 , we can give a homological formula relating the two splittings.
Theorem 2.2. Suppose ðX ; oÞ A WM 2 ð1; 1Þ admits a pair of splittings McMullen, Teichmü ller curves in genus two in H 1 À X ; ZðoÞ; Z Á . We then have
(Here by a symplectic basis we mean A i Á B i ¼ 1.)
Proof. Let ðL; MÞ be a pair of oriented saddle connections on ðX ; oÞ representing ð½I ; ½J Þ in relative homology and crossing positively at exactly one point p B ZðoÞ. The pair ðL; MÞ is unique up to the action of the hyperelliptic involution h.
We can regard E i À I as a subsurface of X , whose closure T i is a torus with boundary L W hðLÞ. Let K H X À ZðoÞ be a smooth, simple loop such that hðKÞ ¼ K, L and K cross transversally at p and nowhere else, and ½K ¼ B 1 þ B 2 in H 1 ðX ; ZÞ when suitably oriented. Then K X T i and M X T i both represent the class
ZðoÞ Á denote a left Dehn twist around K, fixing ZðoÞ. It is then straightforward to verify that the arcs tw K ðLÞ and M are isotopic, relative to their endpoints, using the fact that homologous loops on a torus are isotopic. It follows that X splits along M W hðMÞ into a pair of tori F 1 ; F 2 satisfying
Since the action of tw K on H 1 ðX ; ZÞ is given by
and Mc3] , §9, for another occurrence of this elementary move.
Prototypical splittings
In this section we briefly summarize the relationship between Teichmü ller curves, eigenforms and splittings in genus two. We then show every periodic splitting of an eigenform is equivalent to a unique, concretely described model.
Teichmüller curves.
Recall there is a natural action of GL þ 2 ðRÞ on the space of holomorphic 1-forms WM g , and that the stabilizer SLðX ; oÞ of a given form is a discrete subgroup of SL 2 ðRÞ. The group SLðX ; oÞ is a lattice if and only if ðX ; oÞ generates a Teichmü ller curve
See e.g. [V1] , [Mc3] Theorem 3.1 (Veech dichotomy). Suppose SLðX ; oÞ is a lattice. Then for any slope s, the foliation F s ðoÞ of X is either periodic or uniquely ergodic.
(In the uniquely ergodic case, one also knows there are no saddle connections of slope s.)
Genus two. We say a splitting ðX ; oÞ ¼ ðE 1 ; o 1 ÞK I ðE 2 ; o 2 Þ is periodic if the following equivalent conditions hold:
(1) The foliation of ðX ; jojÞ by geodesics parallel to I is periodic;
(2) I lies along a closed geodesic in each torus E i ; and
Theorem 3.2. Let ðX ; oÞ be a form of genus two such that SLðX ; oÞ is a lattice. Then every splitting of ðX ; oÞ is periodic.
Proof. The foliation of ðX ; jojÞ by geodesics parallel to I has no leaves that are dense in both E 1 and E 2 , so it cannot be uniquely ergodic; by the Veech dichotomy, it must be periodic. r
We also observe: Theorem 3.3. If ðX ; oÞ has two di¤erent periodic splittings, then the relative and absolute periods of o span the same rational subspace of C. Theorem 3.5. A form ðX ; oÞ A WM 2 is an eigenform for real multiplication i¤ every splitting of ðX ; oÞ has isogenous summands.
Prototypes. We can now describe the periodic splittings of eigenforms (cf. [Mc4] , §3).
Let us say a quadruple of integers ða; b; c; eÞ is a splitting prototype, of discriminant D, if it satisfies the conditions
The prototypical splitting of type ða; b; c; eÞ and width t A ð0; 1 is given by
L 1 ¼ Zðl; 0Þ l Zð0; lÞ; L 2 ¼ Zðb; 0Þ l Zða; cÞ;
The condition c þ e < b in the definition of a prototype is equivalent to l < b, which insures that I projects an embedded arc in E 2 .
The prototypical splitting can be expressed in geometric terms as ðX t ; o t Þ ¼ ðP; dzÞ=@, where P H C is a polygon built from the period parallelograms for L 1 and L 2 as shown in Figure 3 . The two parallelograms overlap along an interval of length tl corresponding to I . The equivalence relation identifies parallel edges of P. As indicated in the figure, for 0 < t < 1 the vertices of P fall into two classes, corresponding to the two zeros of o, while for t ¼ 1 all vertices of P are equivalent, and o has a double zero.
We refer to ðX t ; o t Þ itself as the prototypical form of type ða; b; c; eÞ and width t. Þ, the ratio t 1 =t 2 must be irrational; in particular, we can order the summands so that je 1 j < je 2 j.
Since the absolute periods of h and o agree, ðY ; hÞ is also an eigenform [Mc3] , Cor. 5.6. But now J maps to a loop in E 1 , so h has a double zero. By [Mc4] , Thm. 3.3, there is a unique prototypical splitting in the GL þ 2 ðRÞ-orbit of ðY ; h; JÞ, of type ða; b; c; eÞ and width t ¼ 1. Consequently the orbit of ðX ; o; I Þ also contains a unique prototypical splitting, namely that of type ða; b; c; eÞ and width t ¼ t 1 . r Corollary 3.7. Every Teichmü ller curve generated by an Abelian di¤erential of genus two is also generated by a prototypical form.
Proof. Let f : V ! M 2 be a Teichmü ller curve generated by ðX ; oÞ; then ðX ; oÞ is an eigenform and all its splittings are periodic, by Theorems 3.2 and 3.4. By the preceding result, the orbit of ðX ; oÞ under GL þ 2 ðRÞ contains a prototypical form. r
Sifting
As we have just seen, the search for Teichmü ller curves of genus two can be reduced to the study of prototypical forms. But if SLðX t ; o t Þ is to be a lattice, then all of its splittings must be periodic. In this section we will see such periodicity imposes stringent conditions on the width t A ð0; 1Þ.
Slopes. Fix a non-square discriminant D > 0, and let
We emphasize that K is a real quadratic field with a fixed embedding into R.
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Let ðX ; oÞ A WE D be an eigenform for real multiplication by O D . Then K G O D n Q acts on the rational homology of X , satisfying
for all C A H 1 ðX ; QÞ and all k A K. This action makes H 1 ðX ; QÞ into a vector space over K, which we will denote simply by
Recall that the action of K on H 1 ðX Þ is self-adjoint with respect to the intersection pairing; that is, it satisfies ðkCÞ Á D ¼ C Á kD. In particular, every 1-dimensional subspace K Á C H H 1 ðX Þ is Lagrangian. The collection of all such subspaces forms a projective line
Periods and periodicity. Note that PH 1 ðE 1 Þ is isomorphic to a copy of P 1 ðQÞ inside PH 1 ðX Þ G P 1 ðKÞ.
Now assume that the relative and absolute periods of o span the same rational vector space in C. Then there is a unique class hI i A H 1 ðX Þ such that For each such class C ¼ B 1 þ B 2 , we will obtain a rationality condition that must be satisfied by t if SLðX t ; o t Þ is to be a lattice.
To formulate this condition, choose classes A i A H 1 ðE i ; ZÞ satisfying A i Á B i ¼ 1, so that the homology of X splits as a symplectic direct sum
As in (4.3), we have PL 1 ¼ PL 2 . Next, let 
by the definition of UðCÞ. By Theorem 4.1 we have PhJi A PH 1 ðF 1 Þ, which is equivalent to Pðta 1 þ CÞ A PL 1 , and therefore t A TðCÞ. The converse is similar. r Triples of points. Since TðCÞ is a copy of P 1 ðQÞ, the result above sifts out all but countably many values of t in the interval UðCÞ.
Note that TðCÞ is determined by any three distinct points ðt 1 ; t 2 ; t 3 Þ it contains; namely, it coincides with A À P 1 ðQÞ Á for the unique A A PGL 2 ðKÞ sending ð0; 1; yÞ to ðt 1 ; t 2 ; t 3 Þ. In particular we have: Theorem 4.3. If TðCÞ 3 TðDÞ, then jTðCÞ X TðDÞj e 2.
By varying the class C, the values of t for which SLðX t ; o t Þ can be a lattice can often be reduced to a finite set.
We conclude with a concrete formula for TðB 1 þ B 2 Þ.
Theorem 4.4. The set TðB 1 þ B 2 Þ contains the three points t 1 ; t 2 ; t 3 A K determined by the conditions
where the wedge products are taken in
(Note that each solution t i is unique, because a i Á B i 3 0.)
. For i ¼ 3 the vanishing of the wedge product above implies t 3 a 1 þ B 1 ¼ k 3 B 2 for some k 3 A K, and thus we have
as claimed.
For i ¼ 1 we note that a 1 ; A 1 and B 1 all lie in H 1 ðE 1 ; QÞ G Q 2 , and thus the vanishing of the wedge product implies t 1 a 1 ¼ k 1 B 1 þ A 1 with t 1 ; k 1 A Q. We then have
Similarly, when the wedge product vanishes for i ¼ 2, we can use the fact that a 1 ¼ ðl=bÞa 2 to conclude that t 2 a 1 ¼ t
as desired. r
Aperiodicity
Let D > 0 be a non-square discriminant, let p ¼ ða; b; c; eÞ be a splitting prototype of discriminant D, and let
denote the prototypical splitting of type ða; b; c; eÞ and width t A ð0; 1Þ. In this section we will show: Theorem 5.1. There is a t 0 ðpÞ > 0 such that ðX t ; o t Þ admits an aperiodic splitting for all t A ð0; t 0 Þ. Corollary 5.2. There is a dense, full-measure, open set U H WE D such that every form ðX ; oÞ A U admits an aperiodic splitting.
To prove Theorem 5.1, we first show explicitly that ðX t ; o t Þ has many di¤erent splittings when t is small. Proof. To show UðB 1 þ B 2 Þ contains ð0; sÞ, we will show ðX t ; o t Þ splits along a suitable interval J for all t su‰ciently small.
To construct J, let a i be the unique geodesic path on E i ¼ C=L i beginning and ending at z ¼ 0 and representing B i A H 1 ðE i ; ZÞ. Since B i is primitive, the interior of a i is an embedded arc disjoint from the projection of I ¼ ½0; tl when t is su‰ciently small. The same is true for the nearby geodesic arc a 0 i beginning at z ¼ 0 and terminating at the other endpoint z ¼ tl of the projection of I . Thus the four arcs a 1 ; a 0 1 ; a 2 ; a 0 2 bound a quadrilateral Q on the connected sum ðX t ; jo t jÞ, whose short diagonal is one of the oriented saddle connections L corresponding to I (Figure 4) .
, the arcs a 1 and a 2 are parallel, and therefore Q is convex. Its long diagonal M then provides a second saddle connection, which when suitably oriented satisfies qM ¼ qL;
. Moreover M is disjoint from hðLÞ, and thus hðMÞ 3 M. By Theorem 2.1, the form ðX t ; o t Þ admits a second splitting along an interval J ¼ ½0; w H C satisfying ½J ¼ ½M . The conditions above imply I Á J ¼ 1 and ½J ¼ ½I þ B 1 þ B 2 , and therefore t A UðB 1 þ B 2 Þ for all t su‰ciently small. 
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and therefore 1=2 A TðC 2 Þ.
where B 2 ¼ b 1 and where B 1 is the unique primitive vector in ðK Á B 2 Þ X H 1 ðE 1 ; ZÞ satisfying a 1 Á B 1 > 0. Then we have UðC 3 Þ I ð0; s 3 Þ and 0 A TðC 3 Þ. Moreover, taking A 2 ¼ a 2 ¼ ta 1 with t ¼ b=l, we have ðta 1 À A 2 Þ5B 2 ¼ 0 and therefore t A TðC 3 Þ. Now let T 0 ¼ TðC 1 Þ X TðC 2 Þ X TðC 3 Þ. Suppose jT 0 j f 3. Then T 0 ¼ TðC i Þ for all i, and in fact T 0 ¼ P 1 ðQÞ, because it contains 0; 1 and 1=2. But b=l A TðC 3 Þ is irrational, so this is impossible.
Thus jT 0 j e 2. Therefore we can choose 0 < t 0 < minðs 1 ; s 2 ; s 3 Þ such that ð0; t 0 Þ X T 0 ¼ j. Then for any t A ð0; t 0 Þ, there exists an i such that t B TðC i Þ. On the other hand we have t A UðC i Þ, so the corresponding splitting of ðX t ; o t Þ is aperiodic by Theorem 4.2. r Width. To prove the corollary, it is useful to introduce the function t : WE where C is the shortest closed geodesic on ðX ; jojÞ with the same slope as I .
The function t is GL þ 2 ðRÞ-invariant, and satisfies tðX t ; o t ; I t Þ ¼ t for a prototypical splitting; thus it extends the notion of width to general splittings. It is straightforward to check that t is upper semicontinuous; that is, lim sup tðX n ; o n ; I n Þ e tðX ; o; I Þ if ðX n ; o n ; I n Þ ! ðX ; o; I Þ.
Proof of Corollary 5.2. Let P D be the finite set of splitting prototypes p ¼ ða; b; c; eÞ of discriminant D. By the preceding theorem, for each p A P D there is a t 0 ðpÞ > 0 such that every prototypical form ðX t ; o t Þ of type p with t < t 0 ðpÞ has an aperiodic splitting. Let t 0 ¼ min À t 0 ðpÞ : p A P D Á , and let U ¼ fðX ; oÞ A WE D ð1; 1Þ : tðX ; o; I Þ < t 0 for some Ig:
We claim that every ðX ; oÞ in U has an aperiodic splitting. This is immediate if ðX ; oÞ splits along an interval I with tðX ; o; I Þ ¼ 0. Otherwise, X has a periodic splitting with 0 < tðX ; o; I Þ ¼ t < t 0 . But then ðX ; oÞ is GL þ 2 ðRÞ equivalent to a prototypical splitting ðX t ; o t Þ of type p and width t. Since t < t 0 e t 0 ðpÞ, the form ðX t ; o t Þ has an aperiodic splitting, so ðX ; oÞ does as well.
The set U is nonempty because it contains the prototypical forms of small width, and it is open by semicontinuity of t. Moreover U is GL Proof of Theorem 6.1. Suppose to the contrary that we can find an infinite sequence of forms ðX i ; o i Þ A WE D , i ¼ 1; 2; 3; . . . ; such that SLðX i ; o i Þ is a lattice and such that
is a countable union of disjoint orbits.
Let U H WE D be the open, dense set of forms with aperiodic splittings provided by Corollary 5.2. Since every splitting of every form ðX i ; o i Þ is periodic, we have Z X U ¼ j. Moreover we can normalize by the action of GL þ 2 ðRÞ so that ðX i ; o i Þ is a prototypical form of type p i ¼ ða i ; b i ; c i ; e i Þ and width t i A ð0; 1. There are only finitely many prototypes of discriminant D, so after passing to a subsequence we can assume that p i ¼ p is constant.
Next, note that inf t i > 0; otherwise one of the forms ðX i ; o i Þ would have an aperiodic splitting, by Theorem 5.1. Thus upon passing to a further subsequence, we can assume t i ! t > 0, and t i 3 t for all i. Let Y H Z be the GL þ 2 ðRÞ orbit of the prototypical form ðX t ; o t Þ of type p and width t. Then Y is not open in Z, and thus Z has nonempty interior by the lemma above. But this is impossible, because Z is disjoint from the open, dense set U. r
Characterization of Teichmüller curves
In this section we establish:
Theorem 7.1. Let ðX ; oÞ be a holomorphic 1-form of genus two. Then the following are equivalent:
(1) SLðX ; oÞ is a lattice.
(2) For every slope s, the foliation F s ðoÞ is either periodic or uniquely ergodic.
(3) For every slope s, the foliation F s ðoÞ is either minimal or periodic.
McMullen, Teichmü ller curves in genus two (Here F s ðoÞ is minimal if every leaf disjoint from the zeros of o is dense.) The implication (2) ) (1) is a converse to the Veech dichotomy in genus two, while (3) ) (2) is equivalent to: Corollary 7.2. Let ðX ; oÞ be a form of genus two. If every geodesic parallel to a saddle connection is closed, then every other geodesic is uniformly distributed.
Cylinders and eigenforms. We begin with a dynamical characterization of eigenforms. Recall that a cylinder for ðX ; jojÞ is a maximal open annulus C H X foliated by closed geodesics of constant slope s.
Theorem 7.3. For any ðX ; oÞ A WM 2 , the following conditions are equivalent:
(1) ðX ; oÞ is an eigenform for real multiplication.
(2) Whenever ðX ; jojÞ has a cylinder of slope s, the foliation F s ðoÞ is periodic.
A similar result was announced in [Ca] . For the proof, we will use:
be an embedded segment on the square torus. Then there are infinitely many slopes of simple closed geodesics L H E À I .
Proof. If I has rational slope, then it is contained in a simple closed geodesic M H E, and for L we can take any simple geodesic passing through p A M À I with intersection number jL Á Mj e 1. These geodesics represent infinitely many elements of H 1 ðE; ZÞ, and hence infinitely many slopes.
On the other hand, if I ¼ ½0; v has irrational slope, then for any e > 0 there is an A A SL 2 ðZÞ H Di¤ðEÞ such that jAðI Þj < e. (This follows from the fact that SL 2 ðZÞ Á v is dense in R 2 .) Since A sends geodesics to geodesics, it follows that the number of slopes of geodesics disjoint from I is arbitrarily large. r Proof of Theorem 7.3. We first show (1) implies (2). Suppose ðX ; oÞ is an eigenform, and C H X is a cylinder of slope s. By [Mc3] , Thm. 7.4, there is a splitting ðX ; oÞ ¼ ðE 1 ; o 1 ÞK I ðE 2 ; o 2 Þ such that a loop of qC is contained in one of the two summands, say E 1 À I . It follows that the geodesics of slope s are closed on both ðE 1 ; o 1 Þ and ðE 2 ; o 2 Þ, since the summands are isogenous. Therefore those leaves of F s ðoÞ that are contained entirely in one summand are also closed. On the other hand, any closed geodesic of slope s on E 1 that meets I does so only once, since there is a parallel geodesic disjoint from I . Therefore any leaf of F s ðoÞ that crosses from E 2 to E 1 immediately returns to E 2 in the same position. Hence these leaves also close up on X , and therefore F s ðoÞ is periodic.
To show (2) implies (1), consider any splitting ðX ; oÞ ¼ ðE 1 ; o 1 ÞK I ðE 2 ; o 2 Þ. Order the summands so that I ¼ ½0; v projects to an embedded arc in E 1 . Suppose a slope s A P Perðo 1 Þ is represented by a closed geodesic on ðE 1 ; o 1 Þ disjoint from I . Then ðX ; oÞ has a cylinder C of slope s, carried by E 1 . Assumption (2) implies all geodesics of slope s on ðX ; oÞ are periodic, and thus s A P Perðo 2 Þ as well.
Using the lemma, we can obtain in this way infinitely many slopes shared by P Perðo 1 Þ and P Perðo 2 Þ. But P Perðo 1 Þ and P Perðo 2 Þ are simply copies of P 1 ðQÞ inside P 1 ðRÞ, so once they share three points, they are equal. Their equality implies the given splitting of ðX ; oÞ has isogenous summands; and since the splitting was arbitrary, Theorem 3.5 implies ðX ; oÞ is an eigenform. r Lattices and periodic splittings. Next we characterize eigenforms that generate Teichmü ller curves.
Theorem 7.5. Let ðX ; oÞ be an eigenform. Then SLðX ; oÞ is a lattice if and only if every splitting of ðX ; oÞ is periodic.
Proof. If SLðX ; oÞ is a lattice, then every splitting of ðX ; oÞ is periodic by the Veech dichotomy (Theorem 3.1). 
Since every splitting of ðX ; oÞ is periodic, the relative and absolute periods of o span the same space over Q (Theorem 3.3), and therefore the di¤erence c 1 À c 2 of the critical values of p is a torsion point on E. Hence by [GJ] , SLðX ; oÞ is a lattice in this case as well, namely one commensurable to SL 2 ðZÞ. r Finally we characterize Teichmü ller curves themselves.
Proof of Theorem 7.1. By the Veech dichotomy (Theorem 3.1 and the remark that follows), (1) implies (2) and (3). Now assume (2). Then every cylindrical direction is periodic, and hence ðX ; oÞ is an eigenform (Theorem 7.3). Moreover, every splitting of ðX ; oÞ is periodic, since it cannot be uniquely ergodic (cf. Theorem 3.2). By the preceding result, this periodicity implies SLðX ; oÞ is a lattice, and thus (2) implies (1).
The same reasoning applies with minimality replacing unique ergodicity, so (3) also implies (1). r
Curves with D F 5
The sifting technique introduced in §4 can be used to explicitly determine all the Teichmü ller curves with a given discriminant. In this section we demonstrate the method by showing:
Theorem 8.1. There are exactly two Teichmü ller curves with discriminant D ¼ 5: one generated by the regular pentagon, and one generated by the regular decagon.
The regular decagon. Let P H C be the regular decagon with vertices fz i ; 0 e i e 9g, where z ¼ e 2pi=10 is a primitive tenth root of unity ( Figure 5 ). Identifying opposite sides of P, we obtain a holomorphic 1-form ðX ; oÞ ¼ ðP; dzÞ=@ of genus two. Note that the vertices of P fall into two equivalence classes, and thus ðX ; oÞ A WM 2 ð1; 1Þ. As shown by Veech, SLðX ; oÞ is a triangle group of signature ð5; y; yÞ; in particular, ðX ; oÞ generates a Teichmü ller curve in genus two [V1] .
Since P has 10-fold symmetry, JacðX Þ admits complex multiplication by Z½z with o as an eigenform.
is the golden ratio, we see that Z½z contains the real subring O D with D ¼ 5. Thus ðX ; oÞ belongs to WE 5 .
Lemma 8.2. The Teichmü ller curve generated by the regular decagon is also generated by the prototypical form of type ð0; 1; 1; À1Þ and width t ¼ ð2 þ gÞ=5.
Proof. The foliation of P by horizontal lines descends to a periodic foliation of ðX ; jojÞ by closed, horizontal geodesics, including four saddle connections labeled L; L 0 ; M and N in Figure 5 . The hyperelliptic involution of X corresponds to a 180 rotation of P, and thus hðLÞ ¼ L 0 . Therefore ðX ; oÞ admits a periodic splitting
Since p ¼ ð0; 1; 1; À1Þ is the only splitting prototype of discriminant D ¼ 5, ðX ; o; I Þ is GL þ 2 ðRÞ-equivalent to a unique prototypical splitting ðX t ; o t ; I t Þ of type ð0; 1; 1; À1Þ and width t. To compute the width, we note that t is simply the ratio of jLj to the length of the shorter of the two closed horizontal geodesics on E 1 and E 2 respectively. These geodesics are represented by L W N and L W M; since jMj < jNj, we have Figure 5 . The regular decagon.
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Proof of Theorem 8.1. Let ðX t ; o t Þ be the prototypical form of type ða; b; c; eÞ ¼ ð0; 1; 1; À1Þ and width t A ð0;
, where g is the golden ratio.
By Corollary 3.7 and uniqueness of the splitting prototype, every Teichmü ller curve with discriminant D ¼ 5 is generated by ðX t ; o t Þ for some t. The case t ¼ 1 gives the regular pentagon (a form with a double zero), so we may assume t < 1.
The homology basis ða 1 ; b 1 ; a 2 ; b 2 Þ given in (4.4) provides an isomorphism H 1 ðX t ; ZÞ G Z 4 . Let C 1 ¼ ð0; 1; 0; 1Þ; C 2 ¼ ð1; 2; 1; 2Þ; C 3 ¼ ð0; 1; 1; 2Þ be homology classes with respect to these coordinates.
By Theorem 5.3, UðC 1 Þ and UðC 2 Þ each contains a neighborhood of t ¼ 0, since they have the form C i ¼ ðp; q; p; qÞ. In fact, it is straightforward to check that UðC 1 Þ ¼ ð0; 1Þ, UðC 2 Þ ¼ ð0; g À1 Þ and UðC 3 Þ ¼ ð1=2; 1Þ. Thus ðX t ; o t Þ resplits along C 1 and C 2 when t is near 0, and along C 1 and C 3 when t is near 1 (Figure 7) . Theorem 4.4 allows one to explicitly compute three representative points in TðC i Þ for i ¼ 1; 2; 3. The results are summarized in Table 6 . The remainder of TðC i Þ G P 1 ðQÞ consists of those x A P 1 ðRÞ having rational cross-ratio with respect to the three given points. Using this fact, we find: 
only one value of t A ð0; 1Þ yields a lattice, namely the value corresponding to the regular decagon. r 9. Curves with D j 400
As mentioned in the Introduction, the following conjecture implies that all Teichmü ller curves of genus two are known.
Conjecture 9.1. Let D > 5 be a non-square discriminant, and let ðX ; oÞ A WE D ð1; 1Þ be an eigenform of discriminant D with simple zeros. Then SLðX ; oÞ is not a lattice.
In this section we describe the proof of: Theorem 9.2. The conjecture above holds for all D e 400.
The proof is based on an algorithm that e¤ectively determines all the Teichmü ller curves with a given non-square discriminant D.
The algorithm. For e > 0 we define (in the notation of §4)
Since the lattices L 1 and L 2 are discrete, T e ðCÞ X ð0; 1Þ is finite. The definition is arranged so that if t A UðCÞ X TðCÞ, then t A T e ðCÞ if and only if the corresponding new splitting ðX t ; o t ; JÞ is equivalent to a prototypical splitting of width greater than e.
To test the conjecture above for a given value of D, one may proceed as follows.
1. Begin by enumerating the finitely many splitting prototypes P D of discriminant D. Here UðC i Þ and TðC i Þ are taken with respect to the prototypical splitting of type p. Let 
5. If S p is empty for all p, again we are done-the conjecture is true for D.
6. Otherwise, let S ¼ S ðfpg Â S p Þ H P D Â ð0; 1Þ. Consider S W fÃg as the vertex set of a finite graph G, initially with no edges.
For each ðp; tÞ A S, construct one or more new splittings ðX t ; o t ; JÞ of the prototypical form of type p and width t. If the new splitting ðX t ; o t ; JÞ is aperiodic, add an edge to G connecting ðp; tÞ to fÃg. Otherwise, the new splitting is GL þ 2 ðRÞ equivalent to a prototypical splitting of type and width ðq; sÞ. If ðq; sÞ A S, connect it to ðp; tÞ by an edge; otherwise, connect ðp; tÞ to fÃg.
7. If G is connected, the conjecture is verified.
8. Otherwise, choose one vertex from each component of G not containing the vertex Ã, and let their union be the finite set S 0 . Then any Teichmü ller curve providing an exception to the conjecture is generated by a form of type and width ðp; tÞ A S 0 .
Justification. To explain the algorithm, we first recall that every Teichmü ller curve is generated by a prototypical form (Corollary 3.7). Thus to verify the conjecture, it su‰ces to determine for each p A P D , the set of widths t A ð0; 1Þ such that SLðX t ; o t Þ is a lattice. At the conclusion of step 2, we know (by Theorem 4.2) that for SLðX t ; o t Þ to be a lattice, we must have t A T p W K p . (The proof of Theorem 5.1 shows how to insure that a neighborhood of t ¼ 0 is covered by S I i in step 2.) Often S T p W K p is empty (see e.g. the case D ¼ 8 below), so the conjecture is already verified by step 3. If not, we can at least conclude in step 4 that SLðX t ; o t Þ is never a lattice when t e e. Thus we can replace TðC i Þ with T e ðC i Þ, and thereby obtain a finite set S of pairs ðp; tÞ accounting for every possible Teichmü ller curve of discriminant D.
To check that remaining steps, just observe that (i) every splitting of a Teichmü ller curve of discriminant D is equivalent to one of type and width ðp; tÞ A S; therefore (ii) the vertices ðp; tÞ adjacent to Ã in the graph G do not generate Teichmü ller curves; and (iii) vertices in the same component of G label the same GL þ 2 ðRÞ-orbit, so if one generates a Teichmü ller curve, they all do.
As we saw in the previous section, when D ¼ 5 the algorithm actually locates the regular decagon and proves it generates the only exceptional Teichmü ller curve for this discriminant. Here are two more examples. D F 8. In this case there are only two splitting prototypes. With the classes chosen in Table 8 , we obtain T p ¼ K p ¼ j for both types, establishing the conjecture without recourse to the graph G. (As in §8, we use the basis ða 1 ; b 1 ; a 2 ; b 2 Þ to describe classes C A H 1 ðX t ; ZÞ, and we give three representative points to describe TðCÞ.) D F 37. This case is more typical. There are nine splitting prototypes, of which two are of particular note (see Table 9 ).
For every other p A P D , we have T p ¼ K p ¼ j.
Since s < t 1 , we obtain e ¼ s in step 4. This leads to S p 2 ¼ T e ðC 1 Þ ¼ ft 2 ; u 2 g ¼ fð9 þ 3 ffiffiffiffiffi 37 p Þ=14; ð7 þ 2 ffiffiffiffiffi 37 p Þ=11g;
and finally to S ¼ fðp 1 ; t 1 Þ; ðp 2 ; t 2 Þ; ðp 2 ; u 2 Þg. Luckily, it turns out that every ðp; tÞ A S admits a splitting of type ðq; sÞ with q B fp 1 ; p 2 g. Thus all the vertices of G are connected to Ã, and we obtain a proof of the conjecture for D ¼ 37.
D j 400. It is straightforward to automate the procedure just described, and obtain a detailed, if lengthy, proof of Theorem 9.2. To conclude, we comment on the general behavior of the algorithm for the 180 non-square discriminants with 5 e D e 400. The maximum number of prototypes, jP D j ¼ 128, is attained when D ¼ 385. On the other hand, the coverings hI i ; i ¼ 1; . . . ; n p i used in step 2 of the algorithm remain rather small; the average value of n p is 1.58, and its maximum value is n p ¼ 6 (attained for p ¼ ð8; 9; 9; eÞ with e ¼ À6; À7 and À8).
Finally, we note that for 80 of the 180 values of D, the algorithm successfully terminates at step 3. The value of jSj in step 4 is usually 1 and never more than 5; the maximum is attained when D ¼ 200.
It would be interesting to have a conceptual explanation for the algorithm's success. McMullen, Teichmü ller curves in genus two
